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Supplementary Results

This Internet Appendix collects three items that the main text gestures at but does not

carry out. Appendix A gives the proofs of the five inequalities gathered in the main-text

cheat sheet. Appendix B derives the Kelly–Kullback–Leibler wealth-destruction identity

from first principles for arbitrary odds. Appendix C sketches the two practical estimators

of mutual information used in the empirical literature — the finite-alphabet plug-in and the

Kraskov–Stögbauer–Grassberger 𝑘-nearest-neighbor estimator — with their bias–variance

trade-offs.
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Appendix A. Proofs

The main text uses five inequalities repeatedly and states them without proof. This appendix

fills in the standard arguments. Every proof reduces to the parent statement, Jensen’s

inequality (Section A.1).

A.1 Jensen’s inequality

Let 𝑋 be an integrable random variable on a convex domain and 𝜙 a concave function on

that domain. Then

𝔼[𝜙(𝑋)] ≤ 𝜙(𝔼[𝑋]), (A.1)

with equality if and only if 𝑋 is almost surely constant or 𝜙 is affine on the support of

𝑋.

Proof. Concavity of 𝜙 implies the existence of a supporting hyperplane at every interior

point of the domain. Choose the supporting hyperplane at 𝜇 ∶= 𝔼[𝑋], whose normal is any

element 𝛾 of the superdifferential 𝜕𝜙(𝜇):

𝜙(𝑥) ≤ 𝜙(𝜇) + 𝛾′(𝑥 − 𝜇) for all 𝑥 in the domain of 𝜙.

Take expectations. The right-hand side becomes 𝜙(𝜇) + 𝛾′(𝔼[𝑋] − 𝜇) = 𝜙(𝜇), and

the inequality of Eq. (A.1) follows. Equality across the integration requires the supporting

hyperplane to touch 𝜙 almost everywhere on the support of 𝑋, which forces either 𝑋 = 𝜇

a.s. or 𝜙 to be affine on the support.
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A.2 Gibbs’ inequality

For any two probability measures 𝑃 and 𝑄 on the same measurable space with 𝑃 ≪ 𝑄,

𝐷(𝑃 ∥ 𝑄) ≥ 0, (A.2)

with equality if and only if 𝑃 = 𝑄 almost everywhere.

Proof. Apply Jensen (Eq. (A.1)) to the concave function 𝜙 = ln and the random variable

𝑌 = 𝑞(𝑋)/𝑝(𝑋) under 𝑃 :

−𝐷(𝑃 ∥ 𝑄) = 𝔼𝑃[ ln 𝑞(𝑋)
𝑝(𝑋)] ≤ ln 𝔼𝑃[ 𝑞(𝑋)

𝑝(𝑋)] = ln ∫ 𝑞(𝑥) 𝑑𝑥 = ln 1 = 0.

Multiplying by −1 reverses the inequality and gives Eq. (A.2). Equality demands

𝑞(𝑋)/𝑝(𝑋) to be 𝑃 -almost surely constant. Since it must integrate to one under 𝑃 , that

constant is one and 𝑃 = 𝑄 a.e.

A.3 Log-sum inequality

For non-negative reals 𝑎1, … , 𝑎𝑚 and 𝑏1, … , 𝑏𝑚 with ∑𝑖 𝑏𝑖 > 0,

𝑚
∑
𝑖=1

𝑎𝑖 ln 𝑎𝑖
𝑏𝑖

≥ (
𝑚

∑
𝑖=1

𝑎𝑖) ln ∑𝑖 𝑎𝑖
∑𝑖 𝑏𝑖

, (A.3)

with the convention 0 ln 0 = 0 and 𝑎 ln(𝑎/0) = ∞ if 𝑎 > 0. Equality holds if and only if

𝑎𝑖/𝑏𝑖 is constant across 𝑖 with 𝑏𝑖 > 0.

Proof. Set 𝐴 = ∑𝑖 𝑎𝑖 and 𝐵 = ∑𝑖 𝑏𝑖. The inequality is trivial if 𝐴 = 0. Otherwise define

the probability vectors 𝑝𝑖 = 𝑎𝑖/𝐴 and 𝑞𝑖 = 𝑏𝑖/𝐵. Substitute 𝑎𝑖 = 𝐴𝑝𝑖 and 𝑏𝑖 = 𝐵𝑞𝑖 into the

left-hand side of Eq. (A.3):
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∑
𝑖

𝐴𝑝𝑖 ln 𝐴𝑝𝑖
𝐵𝑞𝑖

= 𝐴 ∑
𝑖

𝑝𝑖 ln 𝑝𝑖
𝑞𝑖

+ 𝐴 ln 𝐴
𝐵 = 𝐴 ⋅ 𝐷(𝑝 ∥ 𝑞) + 𝐴 ln 𝐴

𝐵 .

Gibbs (Eq. (A.2)) makes 𝐷(𝑝 ∥ 𝑞) ≥ 0, so the expression is at least 𝐴 ln(𝐴/𝐵), which is

the right-hand side of Eq. (A.3). Equality requires 𝑝 = 𝑞 across all 𝑖 with 𝑏𝑖 > 0, that is,

𝑎𝑖/𝑏𝑖 = 𝐴/𝐵 constant.

A.4 Data-processing inequality

If random variables 𝑋, 𝑌 , 𝑍 form a Markov chain 𝑋 → 𝑌 → 𝑍 — that is, 𝑍 is conditionally

independent of 𝑋 given 𝑌 — then

𝐼(𝑋; 𝑍) ≤ 𝐼(𝑋; 𝑌 ). (A.4)

Proof. Expand the mutual information 𝐼(𝑋; (𝑌 , 𝑍)) two ways using the chain rule:

𝐼(𝑋; (𝑌 , 𝑍)) = 𝐼(𝑋; 𝑌 ) + 𝐼(𝑋; 𝑍 ∣ 𝑌 ) = 𝐼(𝑋; 𝑍) + 𝐼(𝑋; 𝑌 ∣ 𝑍).

The Markov assumption gives 𝐼(𝑋; 𝑍 ∣ 𝑌 ) = 0, since given 𝑌 the pair (𝑋, 𝑍) is

independent. Rearranging,

𝐼(𝑋; 𝑌 ) = 𝐼(𝑋; 𝑍) + 𝐼(𝑋; 𝑌 ∣ 𝑍) ≥ 𝐼(𝑋; 𝑍),

because 𝐼(𝑋; 𝑌 ∣ 𝑍) ≥ 0 (Gibbs applied to each conditional).

The data-processing inequality captures the intuition that no deterministic or stochastic

transformation of 𝑌 can recover information about 𝑋 that was lost in the passage from 𝑋

to 𝑌 . In the information bottleneck construction of the main text, this is exactly why the
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compressed representation 𝑇 cannot be more predictive of 𝑌 than 𝑋 itself.

A.5 Fano’s inequality

Let 𝑋 be a discrete random variable on alphabet 𝒳 and 𝑌 be an observation such that a

decoder 𝑋 = 𝑔(𝑌 ) predicts 𝑋 with error probability 𝑃𝑒 = Pr(𝑋 ≠ 𝑋). Then

𝐻(𝑃𝑒) + 𝑃𝑒 ln(|𝒳| − 1) ≥ 𝐻(𝑋 ∣ 𝑌 ), (A.5)

where 𝐻(𝑃𝑒) = −𝑃𝑒 ln 𝑃𝑒 − (1 − 𝑃𝑒) ln(1 − 𝑃𝑒) is the binary entropy.

Proof. Introduce the error indicator 𝐸 = 1{𝑋 ≠ 𝑋}. Since 𝐸 is a deterministic function of

the pair (𝑋, 𝑌 ), one has 𝐻(𝐸 ∣ 𝑋, 𝑌 ) = 0. Apply the chain rule to 𝐻(𝐸, 𝑋 ∣ 𝑌 ) two ways:

𝐻(𝑋 ∣ 𝑌 ) = 𝐻(𝐸, 𝑋 ∣ 𝑌 ) = 𝐻(𝐸 ∣ 𝑌 ) + 𝐻(𝑋 ∣ 𝐸, 𝑌 ).

Bound each term. The first is at most the marginal binary entropy: 𝐻(𝐸 ∣ 𝑌 ) ≤ 𝐻(𝐸) =

𝐻(𝑃𝑒). The second decomposes by conditioning on 𝐸:

𝐻(𝑋 ∣ 𝐸, 𝑌 ) = (1 − 𝑃𝑒) 𝐻(𝑋 ∣ 𝑌 , 𝐸 = 0) + 𝑃𝑒 𝐻(𝑋 ∣ 𝑌 , 𝐸 = 1).

When 𝐸 = 0, 𝑋 = 𝑔(𝑌 ) is a deterministic function of 𝑌 , so 𝐻(𝑋 ∣ 𝑌 , 𝐸 = 0) = 0. When

𝐸 = 1, 𝑋 takes one of the |𝒳| − 1 values distinct from 𝑔(𝑌 ), hence 𝐻(𝑋 ∣ 𝑌 , 𝐸 = 1) ≤

ln(|𝒳| − 1). Combining the two bounds gives Eq. (A.5).

Fano’s inequality is the converse to Shannon’s channel-coding theorem and, by extension,

to the Kelly–Shannon capacity identity of the main text. No decoder can drive its error

probability below the level pinned down by the source entropy 𝐻(𝑋 ∣ 𝑌 ), no matter how
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clever the decoding function is.
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Appendix B. The Kelly–KL Identity

The main text asserts, without proof, that a horse-race gambler who bets according to belief

𝑄 instead of the truth 𝑃 suffers a per-period wealth-growth deficit of exactly 𝐷(𝑃 ∥ 𝑄) nats.

This appendix derives the identity for arbitrary odds and characterizes the special role of

pari-mutuel pricing.

B.1 Setup

A gambler faces a horse race with 𝑚 outcomes labeled 𝑋 ∈ 𝒳 = {1, … , 𝑚}. Outcomes

are drawn i.i.d. from the true law 𝑃 , with 𝑃(𝑋 = 𝑥) = 𝑝(𝑥). The bookmaker posts odds

𝑜(𝑥) ≥ 0, meaning a one-nat bet on outcome 𝑥 returns 𝑜(𝑥) nats if 𝑥 occurs and zero

otherwise. The gambler divides current wealth into fractions 𝑏(𝑥) ≥ 0 with ∑𝑥 𝑏(𝑥) = 1

and bets 𝑏(𝑥) of wealth on outcome 𝑥. After one period, wealth is multiplied by 𝑜(𝑋)𝑏(𝑋).

After 𝑛 i.i.d. periods,

𝑆𝑛 = 𝑆0
𝑛

∏
𝑡=1

𝑜(𝑋𝑡)𝑏(𝑋𝑡), (B.1)

and by the strong law of large numbers, the per-period log growth rate converges almost

surely to

𝑊(𝑏) ∶= 𝔼𝑃 [ln{𝑜(𝑋)𝑏(𝑋)}] = 𝔼𝑃 [ln 𝑜(𝑋)] + ∑
𝑥

𝑝(𝑥) ln 𝑏(𝑥). (B.2)

The first term of Eq. (B.2) is a fixed quantity determined by the odds structure and does

not depend on the strategy. Only the second term, ∑𝑥 𝑝(𝑥) ln 𝑏(𝑥), is under the gambler’s

control.
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B.2 Optimal proportional betting

The growth rate Eq. (B.2) is maximized by proportional betting 𝑏⋆(𝑥) = 𝑝(𝑥), regardless of

the odds structure. The optimum equals

𝑊 ⋆ = 𝔼𝑃 [ln 𝑜(𝑋)] − 𝐻(𝑃). (B.3)

Proof. Only the second term of Eq. (B.2) depends on 𝑏. Maximize ∑𝑥 𝑝(𝑥) ln 𝑏(𝑥) over

the simplex by Lagrangian methods: set ℒ(𝑏, 𝜆) = ∑𝑥 𝑝(𝑥) ln 𝑏(𝑥) − 𝜆(∑𝑥 𝑏(𝑥) − 1). The

stationarity condition 𝜕ℒ/𝜕𝑏(𝑥) = 𝑝(𝑥)/𝑏(𝑥) − 𝜆 = 0 gives 𝑏(𝑥) = 𝑝(𝑥)/𝜆. Summing over

𝑥 pins 𝜆 = 1, so 𝑏⋆(𝑥) = 𝑝(𝑥). Substituting back, 𝑊 ⋆ = 𝔼𝑃 [ln 𝑜(𝑋)] + ∑𝑥 𝑝(𝑥) ln 𝑝(𝑥) =

𝔼𝑃 [ln 𝑜(𝑋)] − 𝐻(𝑃 ).

Two features are worth flagging. The optimal fractions 𝑏⋆(𝑥) = 𝑝(𝑥) are independent of

the odds 𝑜(𝑥) — they depend only on the true probabilities. Larger odds simply raise every

strategy’s expected log wealth by the same constant. The optimum growth rate does depend

on odds: bettor wealth grows positively iff the return odds 𝔼𝑃 [ln 𝑜(𝑋)] exceed the entropy

𝐻(𝑃 ).

B.3 Pari-mutuel odds as the fair benchmark

Pari-mutuel pricing sets 𝑜(𝑥) = 1/𝑝(𝑥) — odds are the reciprocal of the true probabilities.

Under pari-mutuel odds, the optimum growth rate is zero:

𝑊 ⋆
pari-mutuel = 𝔼𝑃 [ln(1/𝑝(𝑋))] − 𝐻(𝑃) = 𝐻(𝑃) − 𝐻(𝑃) = 0.

Pari-mutuel odds are the fair-market baseline. The optimum gambler cannot
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systematically grow wealth against nature when the bookmaker prices at the true

probabilities. Sub-fair odds (𝑜(𝑥) < 1/𝑝(𝑥) for at least one 𝑥) drive 𝑊 ⋆ < 0; super-fair

odds admit a positive growth rate that measures the size of the bookmaker’s mispricing.

B.4 The identity

Let 𝑊 ⋆ = 𝑊 ⋆(𝑝) denote the growth rate under proportional betting on the truth, and let

𝑊(𝑞) ∶= 𝑊(𝑏 = 𝑞) denote the growth rate when the gambler bets according to belief 𝑞.

Then

𝑊 ⋆(𝑝) − 𝑊(𝑞) = 𝐷(𝑃 ∥ 𝑄). (B.4)

Proof. Substitute 𝑏(𝑥) = 𝑞(𝑥) into Eq. (B.2) and subtract Eq. (B.3):

𝑊 ⋆(𝑝) − 𝑊(𝑞) = (𝔼𝑃 [ln 𝑜(𝑋)] − 𝐻(𝑃)) − (𝔼𝑃 [ln 𝑜(𝑋)] + 𝔼𝑃 [ln 𝑞(𝑋)]).

The odds terms cancel. Simplifying,

𝑊 ⋆(𝑝)−𝑊(𝑞) = −𝐻(𝑃)−𝔼𝑃 [ln 𝑞(𝑋)] = ∑
𝑥

𝑝(𝑥) ln 𝑝(𝑥)−∑
𝑥

𝑝(𝑥) ln 𝑞(𝑥) = 𝐷(𝑃 ∥ 𝑄),

by the definition of the Kullback–Leibler divergence.

Eq. (B.4) is remarkable for what does not appear in it. The odds structure 𝑜(𝑥) has

vanished from the deficit, leaving only the divergence between the truth 𝑃 and the gambler’s

belief 𝑄. Whatever the bookmaker charges, betting proportional to a wrong belief burns

wealth at a rate of 𝐷(𝑃 ∥ 𝑄) nats per period. This is the operational “distance” content

of the Kullback–Leibler divergence used throughout Section 4 of the main text (Cover and

Thomas 2006, Ch. 6).
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The identity generalizes to the setting with side information 𝑌 by conditioning both

terms on 𝑌 (Barron and Cover 1988):

𝑊 ⋆(𝑝 ∣ 𝑌 ) − 𝑊(𝑞 ∣ 𝑌 ) = 𝔼𝑌 [𝐷(𝑃𝑋∣𝑌 ∥ 𝑄𝑋∣𝑌 )],

which links wealth growth from side information to conditional divergence and, ultimately,

to the mutual information 𝐼(𝑋; 𝑌 ) that plays the role of channel capacity in the main text.
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Appendix C. Estimating Mutual Information

Mutual information is a functional of an unknown joint distribution. Its use in empirical

finance — non-linear dependence detection, transfer-entropy causality tests, information-

bottleneck regularizers — requires an estimator. This appendix reviews the two workhorses.

C.1 Plug-in estimation on discrete alphabets

Given 𝑁 i.i.d. samples {(𝑋𝑖, 𝑌𝑖)}𝑁
𝑖=1 from a joint law on a finite alphabet 𝒳 × 𝒴, form

empirical frequencies

̂𝑝(𝑥, 𝑦) = 1
𝑁

𝑁
∑
𝑖=1

1{𝑋𝑖 = 𝑥, 𝑌𝑖 = 𝑦}, (C.1)

and marginals ̂𝑝(𝑥), ̂𝑝(𝑦) by summing. The plug-in estimator substitutes the empirical

laws into the population formula:

̂𝐼plug(𝑋; 𝑌 ) = ∑
𝑥,𝑦

̂𝑝(𝑥, 𝑦) ln ̂𝑝(𝑥, 𝑦)
̂𝑝(𝑥) ̂𝑝(𝑦). (C.2)

The plug-in estimator is consistent as 𝑁 → ∞ but carries a well-known upward bias

of order 𝑂(𝑚𝑋𝑌 /𝑁), where 𝑚𝑋𝑌 is the number of jointly observed (𝑥, 𝑦) cells (Paninski

2003). Small samples on rich alphabets inflate the estimate: a dependence signal appears

where none exists. Two practical mitigations are standard. The Miller–Madow correction

subtracts (𝑚𝑋𝑌 − 𝑚𝑋 − 𝑚𝑌 + 1)/(2𝑁) from Eq. (C.2). Alternatively, the alphabet can be

coarsened so that each cell has at least, say, five observations before frequencies are computed

(Steuer et al. 2002).
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C.2 The KSG estimator

For continuous 𝑋 and 𝑌 , plug-in estimation is infeasible without density estimation. Kraskov

et al. (2004) developed a 𝑘-nearest-neighbor estimator — KSG, after Kraskov, Stögbauer, and

Grassberger — that avoids density modeling entirely. The idea builds on the Kozachenko–

Leonenko entropy estimator (Kozachenko and Leonenko 1987), which uses the distance to

the 𝑘-th neighbor as a local scale proxy for the density.

Fix a neighbor rank 𝑘 ≥ 1 and let 𝑧𝑖 = (𝑥𝑖, 𝑦𝑖) ∈ ℝ𝑑𝑋+𝑑𝑌 . For each sample 𝑖,

• let 𝜀𝑖 be the max-norm distance from 𝑧𝑖 to its 𝑘-th nearest neighbor in the joint sample;

• let 𝑛𝑋(𝑖) be the number of samples 𝑗 ≠ 𝑖 with ‖𝑥𝑗 − 𝑥𝑖‖∞ < 𝜀𝑖/2;

• let 𝑛𝑌 (𝑖) be the number of samples 𝑗 ≠ 𝑖 with ‖𝑦𝑗 − 𝑦𝑖‖∞ < 𝜀𝑖/2.

The KSG estimator is

̂𝐼KSG(𝑋; 𝑌 ) = 𝜓(𝑘) + 𝜓(𝑁) − 1
𝑁

𝑁
∑
𝑖=1

[𝜓(𝑛𝑋(𝑖) + 1) + 𝜓(𝑛𝑌 (𝑖) + 1)], (C.3)

where 𝜓 is the digamma function. Two properties make Eq. (C.3) attractive for empirical

finance. First, it is invariant to strictly monotone transformations of the two marginals

separately, so return-scale choices (level versus log return, raw versus rank) do not perturb

the estimate. Second, it requires no binning or density model. The bias is 𝑂(𝑘/𝑁) under

weak regularity conditions (Gao et al. 2015), and the variance decreases in 𝑘 until the local

density approximation breaks down. Practical choices in the empirical literature use 𝑘 ∈ [3, 6]

for clean data and 𝑘 ∈ [10, 20] for noisy regimes.
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C.3 Practical guidance

Three points regularly separate a defensible estimate from a noisy one.

First, standardize each marginal to unit variance before running the estimator. KSG is

rotation-invariant only within each marginal block, and equally scaled coordinates make the

max-norm neighbor search behave as intended.

Second, break ties. Tied distances are common in financial returns rounded to the tick,

and they distort the neighbor counts 𝑛𝑋, 𝑛𝑌 . Adding a tiny jitter to each observation

(uniform noise of order 10−10 of the standard deviation) is the standard fix.

Third, report confidence intervals via the stationary bootstrap (Politis and Romano 1994).

Financial time series are autocorrelated, so naive resampling underestimates the standard

error of ̂𝐼 . A block-bootstrap with mean block length tuned by the autocorrelation range

produces valid intervals for both Eq. (C.2) and Eq. (C.3).

For transfer entropy the same estimators apply after rewriting the definition given in the

main text as a difference of two mutual informations:

𝑇𝑋→𝑌 = 𝐼(𝑌𝑡+1 ; 𝑋(𝑘)
𝑡 , 𝑌 (ℓ)

𝑡 ) − 𝐼(𝑌𝑡+1 ; 𝑌 (ℓ)
𝑡 ). (C.4)

Each term is estimated by KSG on the appropriate embedded sample. The difference

structure cancels part of the KSG bias, which makes Eq. (C.4) preferable to a direct

conditional-MI estimator for transfer-entropy applications in noisy market data (Wibral

et al. 2013).
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